RICCI DEFECTS OF MICROLOCALIZED EINSTEIN METRICS 

SERGIU KLAINERMAN AND IGOR RODNIANSKI 



Abstract. This is the third and last in our series of papers concerning rough 
solutions of the Einstein vacuum equations expressed relative to wave coordi- 
nates. In this paper we prove an important result, concerning Ricci defects of 
microlocalize d soluti ons, stated and used in the proof the crucial Asymptotics 
Theorem in [ Kl-Ro2t . 



1. Introduction 



This is the third and last in our scries of papers concerning rough solutions of the 
Einstein vacuum equations expressed relative to wave coordinates. More precisely 
we are concerned with solutions of the Einstein vacuum equations, 

Ra/3(g)-0 (1) 

expressed]^ relative to wave coordinates a;" , 

□g:^^"- |^a^(g^ng|5.K=0. (2) 

The solutions we consider here have a limited degree of differentiability, we only 
assume that in a time slab [0,T] x M'^ we control the the first derivatives of g in the 
energy norm L'^{H^'^"'), 7 > 0, as well as in the mixed Strichartz norm L^{L^). 
More precisely, 



Metric Hypothesis: 



\\dg\\L^^^^m+-r + Wdshf^^^L^ < Bo, (3) 



for some fixed 7 > arbitrarily small. 

This condition was introduced in section 2 of |Kl-Rol as the main bootstrap as- 
sumption in the proof of our main theorem concerning 

solutions , 7 > 

arbitrarily small, of ^ (|2|). 

Microlocalization is an ess ential te chnique in dealing with rough solutions of non- 
linear wave equations, see | Kl-Rol | and the references therein. By a microlocalized 
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^In wave coordinates the Einstein equations take the reduced form 

with A'^ quadratic in the first derivatives dg of the metric. 
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rough Einstein metric, at cut-ofF parameter A > 1, we understand, essentially, the 
low frequency part( frequency < A) of a given Einstein metric (^-(H). To ex- 
plain this in more details we recall below the definition of the Littlewood -Paley 
projections, 

p<x = J2 

where x G C^(ll^) supported in ^ < |^| < 2 and J2fie2'^ x(m^^C) = 1- The operators 
Pfj, are the standard Littlewood -Paley dyadic projections corresponding to the 
frequencies ^ € 2^. 

Consider a fixed solution g of (|l|) satisfying the metric hypothesis (||) relative to 
the fixed system of wave coordinates (^). Consider also a fixed dyadic parameter 
A G 2^+ and define the microlocalized rescaled metric, 

H{t,x)^H^^^{t,x) = (F<Ag)(A-H,A-ix) (4) 

Observe that H(^x) is the low frequency part of the rescaled metric, i.e. H(^x) = 
-P<i(G(A)) where, 

G^x)it,x)=giX-h,X-'x) (5) 



In the rescaled variables we restrict ourselves to the slab [0, t,] xR^ with « ^i-Seo 
for some small epj in ^ct 5eo < 7- In this region we define the optical function u 
to be the solution of the eikonal equation, 

H°''^daudpu = (6) 

verifying the initial condition 

"(r*) = t (7) 

where Tt is the timelike geodesic passing through the origin of and orthogonal( 
with respect to H) to the initial hypersurface Sq- We denote by Ef the spacelike 
level hypersurface generated by the time function t = x*^. We denote by C„ the 
level hypersurfaces of u and by St.u their intersection with Ef. In |Kl-Ro2 we 



show that the the null hypersurfaces C„ form a proper foliation of the domain 
il, = iti n ([0, i*] X R'^). Here denotes the future domain( domain of influence) 
of the point r_i G 



To each point p G fJ* we associate the canonical null pair, 

L = T + N, L = T -N (8) 

where T is the future unit normal to E( and N is the outward unit normal to the 
surface St^u passing through p. Observe that L is proportional to the null geodesic 
generator L' = —H'^^dpuda of C„. 



A null frame 61,62,63 = L, 64 = L consists of the null pair L,L together with an 
arbitrary choice of vectors (6a)a=i,2 tangent to St^u such that H[eA,e.B) = 5ab- 
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Relative to such a null frame the metric H has the form, 

Hzi = —2, iJ33 = = H3A = = 0, Hab 
The null components of the inverse metric are therefore, 



AB 



= (5 



(9) 
(10) 



While the rescaled spacetime metric G — G(X) verifies the Einstein equations 
'R-fj.uiG) ~ this is certainly not true for the microlocalized metric H — H^x)- 

Definition 1.1. We call Ric(i7) the Ricci defect of the microlocalized metric 



H = H, 



The Ricci defect of H plays a fundam ental role in the p roof of the Asymptotics 
Theorem, see Theorem 4.5 in [ Kl-Rol or Theorem 2.5 in | Kl-Ro2 ] . More precisely 



it appears as a source term in the null structure equations, see section 3 of [ Kl-Ro2 |. 
For example the trace of the null second fundamental form xab ~ H^De^L, es) 
trx = S^^XAB verifies an equation, roughly, of the form 

-^trx = -R44(i?) + ... (11) 
as 

where R44 = Ric(L, L) ~ L^L^Tiap and s the affine parameter of the vectorfield 
L, i.e. L{s) = 1. Ignoring all other terms on the right hand side of ( pi] ) we see 
that trx can be controlled pointwise by the mixed L\{L'^) norm of the Ricci defect. 
In [Kl-Rol I we have shown, using the metric hypothesis (^) and the fact that H 
arises ( see (^) from an Einstein metric g, that, 

-l-8eo 



Ric(H)|L;^^ < A- 



(12) 



In the Asymptotics Theorem 9.1. in |Kl-Ro2| the proof of the estimates (118-121) 
was heavily dependent on (|l2|). However we also need L'^{St.u) estimates for some 
derivatives of trx, in particular the angular derivatives ^trx- Differentiating the 
equation ( pl| ) we see that ||ytrx||L2(Sj ^) depends on. 



|VR44(-ff)|| 



To establish such an estimate we need first to compare the Ricci defect Ric(i/) 
with Ric(G) = and then take advantage of energy estimates for derivatives of H 
along the null hypersurfaces Cu- Here we encounter a substantial difficulty as the 
2-surfaces St^u as well as the null hypersurfaces C„ have been constructed relative 
to the approximate metric H. This leads to significant difference^ between the 
C„- energy estimates for derivatives of H and the corresponding ones for G, see 



proposition 7.7 in [Kl-Ro2| and proposition 2.2 here 



In this paper we use the specific structure of the component R44 relative to the 
wave coordinates and overcome this difficulty. We prove the following: 



The estimates for the second derivatives of the higher frequencies of G do in fact diverge 
badly. 
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Theorem 1.2. On any null hypersurface Cu, 



f ||VR44(i?)||L2(5^ „)dr < 

J U 



(13) 



This result, stated without proof in theorem 8.1 [ Kl-Ro2t , played an essential role 
in the proof of the asymptotics theorem. Th e asymp totics theorem itself is a crucial 
step in the proof of our main theorem, sec |Kl-Rol|. The main goal of this paper 
is to prove theorem 1.2. 



2. Preliminaries 



2.1. Background estimates. We start by writing down estimates for the rescaled 
metric G{t,x) — g{X^^t, X^^x). These are immediate consequences of the metric 
hypothesis (||) and the choice of the restricted time interval [0,t*]. 



It is also easy to derive the following estimate for G in L'^{St,u) norm. 



(14) 
(15) 



(16) 



This estimate follows by virtue of Holder and the trace inequality (see theorem 



?? 



in |Kl-Ro2|) on St,u from (h 



We also recall the estimates for H derived in |Kl-Rol| and [Kl-Ro2|. They are 
summarized in section 7 of | Kl-Ro2 . We list below only the ones which we need in 
this paper. Morally, since H — i-<iG they follow from the corresponding estimates 
for G. 



\d'H\ 
\dH\ 



mc{H)hiL^<x- 



-1-Seo 



(17) 
(18) 
(19) 
(20) 



We also have the following cone estimates (see section 7 of [Kl-Ro2| ), which play 
an essential role in the proof of theorem |1.2| : 

Proposition 2.2. The following estimates hold in the region = X^-^ fl [0, i*] x R'^ 
and 1 < A, /z. 



p,9i/|U2(c„) < A-^ 

P*9(PmG)||l=(c„) 
P*(^mG)|U.(c„)<A-^-4^>- 



\\D*H\\l2(^c,, 



< A^ 



-4(0 



(21) 
(22) 
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We shall also need estimates for the derivatives of the null vectorfield L in fi,, 

\\7L\<e + r-^ (23) 

where r = r{t,u) is defined by Area(5t^„)= Airr"^ and 8 verifies the following esti- 
mates, 

< A-^-4^° (24) 

l|eiU2(5,,„) < X-''° (25) 

By the comparison arguments proved in section 6.4 of | Kl-Ro2|| we have 



r fut-u (26) 

. We also have, 

l|e|U.p,„)<A-2^° (27) 

where. 

Definition 2.3. The annulus Dt ^ is defined by Dt,u = ^u<u'<u+iSt,u' is the an- 
nulus on Ef of thickness 1 and outer boundary St^u- 

Observe that, 

||VL|U.(s,,„) < 1 (28) 

Clearly we also have, 

I|vl||l^(d,„) <i. 



For a proof of the estimates (|23|)~(|25D we refer to section 9 of [Kl-Ro2 



2.4. Set-up and error terms. 

Definition 2.5. We denote by P the projection on the frequencies of size < 1 and 
by P the projection on the frequencies of size < 2 such that PP = P. 

Definition 2.6. We define 

H{t,x) = PG{t,x) 
h{t,x) = ^P^G(i,x) 

Ai>l 

Clearly, 

G = H + h (29) 

Also, for the inverse metric, 

G-^ ^{H + h)-^ ^{1 + H-^h)-^H-^ = H-^ - H-^hH-^ + 0{h^) 

(30) 

Therefore, 

Gap = Hal3 + ha(3 (31) 
QO^P ^ H^P _ hO^P Oih^) (32) 

where the indices of h are raised according to the matrix H . 
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In view of the fact that Rp^(G') = we infer that, 

This is the starting point of our lengthy calculations which are presented in the 
following sections. In the process we are going to generate a large number of error 
terms. To better keep track of them we will systematize them in the following 
subsection. 



2.7. Error terms. 

We start with some basic commutator estimates which we shall need below. 

Lemma 2.8. Let Q be one of the Littlewood-Paley projections Q = P, P, P^ with 
j-i > 1. We may assume(see remark below) that the support of the integral kernel 
Q{x) of the projection Q is localized to the unit ball centered at the origin in the 
case Q — P, P, and the ball of radius /i^^ if Q = Pfj_. 

We denote 

\Q\ = sup |a;r\ 

Then for all p G [1, oo] and arbitrary functions u, w, v such that Vw, V/ £ and 

\\[Q.w]v\\Lv(Dt.^) 

||[Q,u;]w||ip(B^^) 
\\[Q,Vw]v\\l.(d,.^) 

\\[[QMJ]v\\LnD,.^) 

Remark 2.9. The assumptions made on the supports of the integral kernels of Q = 
P, P, P^ are essentially truc^. Consistent with the uncertainty principle we can 
show that the kernels of Q are rapidly decaying outside the ball of radius one for 
P,P and /i-i for P^ . 

Proof The proof of the lemma is standard. For completeness we show below how 
to derive estimates ( ^Sf ) and (jsj). We have 

[Q,w\v = / Q{x - y){w{y) - w{x))v{y)dy 

JT,t 

= - Q(x^y){x-yyd^w{Ty + {l-T)x)v(y)dydT (37) 



strictly speaking tliey are incompatible with tlie compact support assumption of the 
Littlewood-Paley projections in Fourier space. 



< ||Vw||ioc||l)||^P, 



(33) 

(34) 
(35) 



< 



1 



\Q\- 



W\L^{D,,J\^f\\L^iD,,ML^'.D,,^y (36) 
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Therefore, since the support of Q{x) belongs to the unit ball centered at the origin, 

\\[Q,w]v\\LP(Dt_^) < |^l|Vw||L~(Dt,„)li«llLP(I3t,„), (38) 

where the annuli Df on the right hand side of ( |38| ) are perhaps twice as large as 
the original annulus. This proves (|33|). 

To obtain (js^) we proceed as follows. Using ( p7| ) we obtain 

l|[Q,w]w||iP(D^^) < i^ll ^ J \Qiz)\\Vw{x + Tz)\\v{x- z)\dzdT\\LP^o^^^) 



< 



\Q\ 
1 f' 



\Q\Jo is. 



|Q(z)|||Vii;(- + Tz)v{- - z)\\LP(D^^^)dzdT 



as desired. Here we once again used that the support of Q{z) belongs to the unit 
ball centered at the origin. ■ 

Definition 2.10. Given functions JtV^w in L°°(il*) wc introduce the following: 

• We denote by [/] any operator with the property that for any function v in 
J7* and any t G [0, i*], it > — 1: 

•«llL^(I3t„) ^min<^ ll/llL-(I3t„)lk||L2(£,^^) , ||/||L2(Dt„)l|w||L~(Z3t„) 

■ (39) 

• We denote by 7r(/, w; w) any function in 17, which satisfies the inequality: 

lk(/, V \ w)||l2(D4,„) < ll/llL-(Dt,„) \\'v\\L'^(Dt,^)\\w\\L^Dt.^) (40) 

Definition 2.11. Given two operators A and B we say that A < B \i for any 
function v 

< (41) 

We also say that 7r(/, tj; w) < 7r(5, tj; w) if 

l|7r(/, w)||l2(d,„) < \\g\\L^(Dt,^) M\L^{Dt,^)\\w\\L^Dt,^) (42) 



Remark 2.12. The expression [/] verifies the following trivial property 

[«/]<l|a|U-[/]- 
The same holds true for 7r(/, g\ v) with respect to all entries. 

For the Littlewood-Paley projection Q let (Q/) be the result of the apphcation of 
Q to /. We also denote by Qf the operator whose action on functions is defined by 

Qf{v) Qifv) 

The typical examples of expressions of type [/] are listed in the following lemma. 
Lemma 2.13. 
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• For the projections Q = I. P. P, with dyadic /i > 1, we have Qf < [/] and 

(Q/)<[/]_ 

. ForQ = P, P, P^, we have, [Q, /] < ^[V/] and [VQ, /] < [V/]. 



Proof To verify that Qf < [/] wc estimate 

IIQ/HIU^(D.,„) < IIQ(/i')l|L^(Z3.,„)<ll/i'l|L^(D.,„) 

< niin|||/||i=(£„,„)||w||L2(£,^^) , ||/||l2(^^^)||i;||^oo(£,^ ^^) 
A similar argument shows that {Qf) < [/]. We now verify that [Q,/] < T^I^/l- 



Using the commutator estimates (^3|) and (|3^) we obtain 

\\[QJ]v\\L^(Dt,^) < |^min|||V/||L-(D,,„)||w||L2(D,,„) , l|V/I|L2(^^^)||u||ioo(^^^)| 

as desired. The proof of the estimate [VQ, /] < [V/] is similar. It uses the com- 
mutator estimate (p5|). ■ 

We also record some similar properties of the triple expressions 7r(/, g; h). 
Lemma 2.14. 

• For Qi = /, P, P, P^ with some dyadic fi > I and i = 1, .., 3, we have 

[Qlf){Q2v)[QM<TT{f,V-w). (43) 

• With the same choice of Qi,Q2, 

[f]{{Qiv)(Q2w)]<Tr{v,w-f), (44) 



[f][{Qiv){Q2w)j<n{f,v-w). (45) 

• With the same choice of Q 

[f][v]{Qw)<n{f,v;w), (46) 

[f][v]{Qw)<^{v,w-f). (47) 

• //II/IIl- < Ml^ then 

T^{f,v;w) <Tr{g,v-w) (48) 

Proof The proof of (^ ) follows immediately from the definition of 7r(/, v; w) and 
the properties of the projection Qi. Indeed 

\\{Qif){Q2v)iQM\\LHD.,^) < II(Qi/)IIl~(d.,„)II(Q2«)||l~(d.,„)II(Q3u;)|U2(^^^„) 

To obtain (44) we estimate using definition ( |39| ) for [ ] , 

ll[/]((0l«)(Q2^i'))||L2p,,„) < \\f\\L^iD.^J\{Qlv){Q2w)\\mD,^^) 

^ ll/IU~(r>t,„)ll^'llL~(Dt.„)lklU2(r>t,„) 
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The alternative estimate in ( |39| ) for [/] similarly leads to (45). 

We also derive 

||[/]H(Qu;)|U.p,„) < \\f\\L-iD.,J\[v]{Qw)\U^o.^) 

^ ll/llL~(Dt,„)ll^'llL~(Dt,„)l!^i')lU2(£,,_„) 

as claimed in (46). The estimate (47) once again is obtained by using the alternative 
term in ( ^ ) in the estimates for [/] and [v] . 

Finally, if ||/||L-(Dt,„) < ||.9l|L-(Dt,„), then, 

hif,y:W)\\L^Dt.^) ^ ll/llL-(I5t,„)IMlL-(I5t,„)l|w||L2(Dt,„) 
^ ll.9llL~(Dt,„)lkllL~(Dt,„)l|w||L2p^^) 

Thus according to definition 2.11, 7r(/, v; w) < TT{g, v; w) as desired in (E|). ■ 



3. Wave coordinate condition 



In what follows we shall rely crucially on the fact that our standard coordinates 
x", a = 0, ..,3 satisfy the wave coordinate condition (||) relative to the metric G. 
Recall that the wave coordinate condition has the form: 

= — ^aa(G"'^y|G|) 



\G\ 



or, in view of a(G"^G^<,) = 0, 



G'^^daGp, = ^G'^^'d^Go^p. (49) 

Next we shall review some basic notation connected to our standard null frame 
L — 64, L = 63, 6a, A — 1,2. When L.L are applied to scalar quantities we also 
use the notation L = 84, L = 83. Recall that the null components of the metric H 
are given by, 

H34 ~ —2, H33 = H44 = H-iA = H4A = 0, Hab — Sab- 
The null components of the inverse metric are therefore, 

H'^ = --, ^ ^44 ^ ^ ^ Q jjAB ^ ^AB _ 

2 

Given a vectorfield X = X^da we decompose relative to the null frame as follows: 

X = < L,X > L- ^ < L,X > L+ < 6A,X > 6A 

= -^X4L-^X3L + XAeA (50) 
or, using upper indices, 

X = X^L + X'^L + X'^6A (51) 
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where ^ ^ 

— —-Xi, X^ ~ —-X3, X^ — Xa- 
In view of this wc shall use the following notation, 
Definition 3.1. For an arbitrary spacetime tensor M"^, 









2 








2 







In particular 



Definition 3.2. Given a scalar function / we shall denote by D*/ any function 
for which we have an estimate of the form 

\D.f\ < \Lif)\ + ( J2 )^ = + \ff\ 

A=l.,2 

Given a tensorfield U with components UoT relative to our standard coordinates 
a;" we denote by D^U a scalar quantity which can be estimated by, 

\DM\ <J2\DMa-\. 

Given two tensors U,V we denote by UD^,V a scalar quantity which can be esti- 
mated by 

\UD,V\ < \U\\D,V\. 



For example, consider the coordinate vectorfield da and decompose it relative to 



the null frame L,L, ca according to (50). We shall write the decomposition formula 
in the form, 

da = -^LaL + D,. (52) 

Using the above notation we are now ready to state the main result of this section. 

Lemma 3.3. The following identitie^ are consequencies of the wave coordinate 
condition (^9|); 

2ij3"a3(gG),, = H'''^d„{QG)ap + GD,{QG) + Err (53) 
L'^rdsiQG^.) - G-D4QG) + Err, (54) 
L^e^AdsiQGaa) =- G ■ D,{QG) + Err, (55) 

Err = hd{QG) + -^[dG]dG (56) 



^They are in fact approximate identities. The terms on the right hand side are schematically. 
What we mean is that the terms on the left can be estimated by the quantities appearing on the 
right. 
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In particular, 

L'^L'^dsHaa = G ■ D^H + Err (57) 

We also have, 

L^Lf^do^d^iQGf}^) = H ■ D^d{QG) + Err (58) 
Err = 1^ (^dG] ■ d^G + [d^G]dG^ + h ■ d^{QG) + dG ■ d{QG) 

Proof We start by projecting (|49|): 

Q(G"^a„G/3.) = ^QiG^f'd.Gc.p). 
In view of the fact that Q{u ■ v) — u ■ Qv + j^[Vu]w we derive 

G'^i'do.iQG^^) = ^G'^^d^QGc^p) + j^^[dG]dG (59) 
Expanding ( p9| ) relative to the nuU frame, we have 
G^'^dsiQGf,,) + G^^diiQGp,) + G'^^dAiQGp,) = \G-''d„{QG-,s) + 
whence, for any a, 

G^i'dsiQGp^) = ^G^'d„{QG-,s) + GD^QG) + j^^[dG]dG 

Writing G^l^ = H^^ - h^P + ©(/i^) we derive, 

2i73"a3(QG„,) = H'^l'd,{QGc.p) + GD,[QG)+^Yr (60) 
Err = hd{QG) + h^d{QG) + ^[dG]dG (61) 

iy I 

Remark 3.4. Since ^ 1, the error term h?d{QG) can be treated in the same 

way as hd(QG) and we shall ignore it. In what follows we shall often drop terms 
like this without further mentioning. 



We thus derive the desired approximate identity (m 



Contracting (|60|) with L'^ wc obtain, 

21" H^°'d3{QGaa) = GD4QG) + HD^QG) + Err 

As HD^G can be estimated exactly in the same way as the more difficult term 
GD^,G we shall drop it. We shall later absorb similar terms into related, more 
difficult terms, without further mentioning. 

We now recall that iJ^" — — ^L". Henceforth, 

-L-'Lf'dsiQG^,) = Gi?,(QG) + Err, 



which gives (54) 
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We can also contract ( |60| ) with to obtain 

e^^H'^'dsiQGaa) = GD4QG)+Evt. 
Using again the relation iJ^" = —^L", ( |55| ) immediately follows. We shall now 



prove (58). Differentiating ([4 91), we find, 



Cf^d^d^Gfi^ = ^G°''^d^d^Ga,p + dG ■ dG. (62) 

We manipulate the left hand side of (^) schematically as follows: 

Q{G-d^G) = H-d^{QG) + Q{G-d^G)-H-d^{QG) 

= H-d^{QG) + Q{G-d^G)~G-d^{QG) + h-d^{QG) {as G ^ H 
= H ■d^{QG) + [Q,G]d'^G + h-d^{QG) 

= H ■d\QG) + -^[dG]d^G + h-d\QG) 
Therefore, proceeding in the same way on the right hand side of (|62|), 

H^^d^d^iQGp,) = (g"^ d^d^G ai3^ +Ei-r 

= ^H"'^d^d^{QGc.p) + Erv (63) 
Err = -^[dG]-d^G + h-d^{QG)+Q{dG-dG) 

iy I 

= -^[dG] ■ d^G + h ■ d^iQG) + -^WG]dG + dG ■ d{QG) 
\Q\ |Qr| 



We now contract (63) with L 



L'^H'^^dMQGpa) - iL"ff"'^a,a^(QG„/3)+Err 
= H ■ D,d{QG) + Err 
Therefore, expressing H'^^da relative to the null frame L,L,eA, 
L^L^dad^iQGp^) = H ■ D,d{QG) + Err 



4. First reduction 



In this section we show how to reduce the statement of Theorem 1.2 to the following: 

/ ||R44(i/)||L^(D_)dT< (64) 

Ju+l 

where, see definition ^.3| , -Dr.u = ^u<u'<u+iSt.u' is the annulus on Yl-r of thickness 
1 and outer boundary St,u- Throughout this and the remaining sections we denote 
R44 = R44(i?) and Ric = Ric(iJ). 
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Step 1 Take care of /^^^ || VR44||i2(5^ ^)dr. 

We start with formula 

VR44 VL^L'^R^^ 2(VL) • L • Ric + L'^L'^VR^^. (65) 
Recall that, see (^), 

with 9 verifying the estimates (||)-(||). Clearly, ||(9 + r~'^)\\L2(s^ ^) < 1- Also 



observe that, in view of (|2g), r < 1 as r varies between u and u + 1. We infer that 

^ \\^'^M\\LHs^,^)dT < ^ (ll(0 + ^"')IU-(s.,„)l! Ric|lL^-+r||VRic||i^^^dT 
<|| RicLji^^ + llVRicll^ii^^. 

It remains to observe that the frequencies of Ric(iJ) are essentially < 2 and there- 
fore, II V Ric||ioo < II Ric||L~- Henceforth, in view of the background estimate 
(20), 

r ||VR44||L^(5.,„)dr < II RicLji^^ < A-i-4^« (66) 
Step 2 Take care of /*^^ || VR44||i2(5^ ^)dT. 

We start as in Step 1 with formula (|6^). To estimate the first term on the right 
hand side of ( |65| ) we use || VL||i2(5^ ^) < 1, see (p8|). 



Therefore, using also (20) 

f ||VL-LRic|U2(5_)dr < sup || VL|U2(s_,) || RicLi^.. < A-^-^'" 

Ju+l ' U+l<T<t 

as desired. In other words, 

f ||VR44|U2(s^„)dr < A-i-4^«+ r ||L^L''VR^,|U2(s^_„)dr (67) 

Ju+l Ju+l 

It remains to estimate the second term in (^). Using the simple estimate: 

ll/lli^(S.,„)^l|V/|U^(D_)ll/IU^(D.,„) 

where -Dr,n = ^u<u'<u+iSt,u' is the annulus on S,- of thickness 1 and outer bound- 
ary Sr,u- 

||L'^L''VR^.|U2(5_) < ||VL''L-VR^.||i(^_)||L''L^VR^.||i(^^^^_) 

< ||VL'^L"^VR^.|U2(^^^) + ||L'^X''VR^.|U2(c^^„) 

Now, using ||Vi||i2(£,^^) < 1, 
||VL'^L''VR^,|U2(c,„) < ||VL • V Ric|U2(i3^^) + HL^L'^V^R^, 11^2(^3^^) 

< ||VL|U2(c,„)||V RiclUgo + ||L^L''v2R^,|U2(^^„) 

< ||VRic|U~ + ||L^L''V2R^,|U2(^^_„) (68) 
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Now, since R^^ « PRf,^{H), and 1| V"P/||l2(£,^^^) < ||/||l2(£,^^^) with perhaps a 
shghtly larger annuhis Dr.u, 



< ||L^L''R^,|U2(^^ „) + II [L^r, V^P] Ric|U2(^^,j 
To treat the second term we shall use the following commutation lemma, see lemma 



2.i 



WU^'^'PhWrnD.^^) < W^fh^iD.Jlgh^ (69) 

with a possible larger annulus D^^u on the right hane side. 
Therefore, 

||[L^i^V2p] Ric|U.(^^ „) < ||VL|U2(^^ „)|| RiclU^ < II Ric|Uj= 
Therefore, back to (|68|), 

||VL^L''VR^,|U2(,5^^) < ||R44||l2(d..„) + II RiclU- + l|V Ric|Uoo 
or, since Ric = Ric(H) w P Ric, 

||Vi'^L''VR^,|U2(c^^) < ||R44||l^(i5.,„) + II Ric|Us= (70) 

Also, clearly, 

||L''L''VR^,|U2(^^^) < ||R44||l^(d.,„) + II RiclU-. 

Therefore, 

|li^L''VR^,.IU2(s^ „) < ||R44|1l2(d.,„) + II RiclUr (71) 

whence, 

||VR44||L2(s^_„)dr < / ||R44||L2(i3_)dr+ II Riclliiioo +A-i-4'° 

M+l Ju+l 



< 

-1 + 

Combining this with (|6^) we obtain. 



I ||R44||L2(I3_)rfr + A-l-^^° 
Ju+l 



f ||VR44(i?)||L2(s^ „)dr < / \\RM\\mD^_^)dT + X-'-^'° (72) 



as desired. 



5. The algebraic structure of Rf^^{H) 

We start with the formula, 

R^,{H) = R^,{H) - PR^.(G) (73) 
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Recall the expression of the Ricci tensor relative to local coordinates: 

R^.(i/) = RW(i/) + R(i)(i7) (74) 

R(i)(i/) = H'^PH,s(vlp{H)TUH)-Tl,{H)Tip{H) 

where 

To calculate R^^(i?) - PR^^(G') we use (|l]) and (||), 

= Haf3 + hap 

Therefore, using the notation in (^) and the fact that H = P G, wc find, 



- (^h°''^H[apf_iu] + G°'^H[apfj.u] - P {G°''^G[apiiu])^ + h'^d'^H 



2 

= I [h^f^H^ap^,] + [G"^ P] G[ap^..]^ + 7T{h, h- d^H) 

For convenience we shall introduce the following notation. 
Definition 5.1. Given two scalar functions u, w we define 

{v , w}' = [v, P] ■ w. 

Therefore, 

RW(il) - PRW(G) = i (h^^Hiap,,] + {G'^^ , Giap^^^y] + 7:{h, h; d^H) 

^ (75) 

Remark 5.2. Observe that, 

[P, «](/ - T)w = P{v{I - P)w) - vP{I - P)w) 

= P{v^'w^^) 

Ai>l,A2>2,| ln(AiA2"^)|<2 (76) 

[P,v^^]w^^ 

Ai>l,A2>2,|ln(AiA2"^)l<2 

Thus, writing w — Pw + (/ — P)'w, 

{v,wy = [v,P]Pw+ Y [v^\P]w^^ (77) 

Ai>l,A2>2,| ln(AiA2"^)|<2 
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To compute the contribution to (73) of the quadratic terms 'R.fj,J{H) we start 
r^^(iJ) which we write in the form 



(H) ^-H-<"[P Gap + P G„a ,13 -P , 



Now commuting P with _ff , and using (p2| 



TlpiH) = Pr^^(G) + [dH]dG+[hdG] 

Therefore, using that h and dH are bounded and the definition of the error term 
TT, we infer that 

R(2(F) = H'^^H,s(^{Prl^iG)){PTUG))-{pri^iG)){prif,iG)) 

+ TT{dH, dH; dG) + Ti{h, dG; dG) (78) 
On the other hand, using first the formulae (^), ( ^ ) and then commuting P with 



prW(g) = p G"''G^5(r;^^(G)ri,(G)-rT;,(G)ri^(G) 



= H^^H.s P [Tip {G)Vi^ (G) - {G)Tip (G)^ 

+ TT{dH,dG,dG) + TT{h,dG,dG) (79) 
Thus, combining (H) with (|7|), 

R(i)(iJ)-PR(i)(G) = -i/"'3H,,(^p(r;^^(G)rijG))-(pr;^(G))(prL(G)) 
- p (rT;,(G)ri^(G)) + (pr;^.(G)) (pri^(G)) 

+ 7T{dH,dH,dG) + TT{h,dG,dG) (80) 
To simplify the expression above we introduce the following. 

Definition 5.3. Given two functions v and w we introduce their ■modifie(^ parad- 
ifferential product {v, w}. 

{v,w}:=P{v-w)-PvPw (81) 



Remark 5.4. Observe that, 

{v,w}^P w^ip<iw + P v^^w^^ 

5<Ai<4 Ai>i,| ln(AiA2 ^)|<2 

+ P Y P<:^vw^^+P Y v^^w^^ (82) 



5<A2<4 A2>i,|ln(AiA-^)|<2 

i<Al<l i<A2<l 

E 

i<Ai,A2<l 



„Ai ^A2 



^It differs from the standard paradifferential product. In our definition we have removed the 
low-low interactions. 
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With this definition we can write 

R(2)(i?) = -h-ph^s[{tIp{g),tUg)] 

-{r;:.(G),r^^(G)}) +Err (83) 

with the error term of the form 

Err = Ti{dH, dH, dG) + Ti{h, dG, dG) 

Thus, taking into account ( |75| ) and (83), we rewrite ( [73|) in the form. 





= If,^ + 11^^ + Illf,^ + Err 


(84) 






(85) 


lit.. 


= [G"'^ ^ P]Gyai3fiv\ 


(86) 




= -H'^^H.s [{Tip , ri J - {r;^,, , vi^}^ 


(87) 


Err 


= Ti{dH, dH, dG) + Ti{h, dG, dG) + Ti{h, h; d^H) 


(88) 



Remark 5.5. Recahing the definition of tt and using the fact that the frequency 
range of h is included in |^| > 1 we have 

f \\7T{h,dG,dG)h2(D^^^^ < \\hh2Ls^-\\dGh2Lr-snp\\dG\\mD^^) 

< \\dhh.^^ ■ WdGh.L^ ■ sup ||aG|U.(c^ 

r 

< WdGh^L^ ■ WdGh^^L^ ■ sup \\dG\\L^D._^) 

T 

We can thus replace 7r(/i, dG, dG) by Tr{dG, dG; dG). By a similar argument, tak- 
ing into account the frequency support of H, we can also replace 7r(/i, h;d^H) by 
7r(9G, dG; dG). Finally, by a trivial argument, we can also replace TT{dH, dH, dG) 



by 7r{dG,dG;dG). Therefore the error term in (88) can be simplified to 



Err = 7r(aG, (9G; dG). 



6. The structure of hi and 



6.1. Structure of Contracting the formula ( p5[ ) with L'^L'^ we obtain, see 
also the definition of [[ ]] in (fzil). 



2 

Observe that 



/44 - ( /l"'3iI[[„/3^,]] - h'^^'H^, ) (89) 



L^L'^ H[[aPfj.i']] = L'^L'^ [Huv ,/3p + Hfj^ ,av — Ha(3 .fj.iy^ ~ L{dH) 
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It remains to consider the term L^L" h""^ H ^ap- Observe that, 

L'^L'^dc^dpHf,^ = D^dH + [dGdG] + [dG][dG] + [VL\dG + [VL9G]. 
This is obvious if a = 1, 2, 4 and follows from ( psj ) of Lemma ^ if a = 3. Therefore, 

Lt'L^h'^f^H^,^ = hD.dH + n{h, dG; dG) + Tr{h, dG, VL) 
Appealing to remark 5.5 we can summarize our results above in the following 
Proposition 6.2. We can write, 

hi = hD^dH + Err, 

where 

Err = 7r(9G, dG; dG) + n{dG, dG; VL) 



6.3. Structure of II44. Recall that 



Ilfiv — {G"'', G[q^^^]}' — [G°''^,P]G[ali 



For technical reasons we also introduce the following. 
Definition 6.4. Given scalar functions f,v,w we define, 

[v, f ow}' ^[v,P]!Pw+ [v^\P]fw^' (90) 

Ai>l,A2>2,| ln(AiA2"^)|<2 

Lemma 6.5. 

f{v,w}' ^{v, fow}' + ^{Vf,Vv;w) (91) 
Proof Using representation (|77|) for { , }', the commutation lemma and the 



definition of tt ( see definition 2.10 ) we infer that 

f{v,w}' = {v,P\!Pw+ {v^\P\!w^- 

Ai>l,A2>2,| ln(AiA2"i)|<2 

+ {j,{v,P\\Pw+ {jAv^\P\\w^' (92) 

Ai>l,A2>2,| ln(AiA2 ^)|<2 

= {w , / o w}' + 7r(V/, Vw; w) 



We also define, 

{v,Low\' := {v,L''odf,wy 
{VjCAOw}' := {v,e'^o dfj,w}' 

Definition 6.6. We denote by {v, D^, o w}' a scalar quantity which can be esti- 
mated as follows 

\{v,D,owy\<\{v,Lowy\ + { Y \{v,eAowyfy 

A=l,2 
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We now proceed with the estimate for 1/44. 

1/44 = L^L'" {G"''^ ,G[al3iiu\}' 

We start again with the term containing G[[Q^^,y]] . According to the definition x4 
of , / o w}' and the relation we obtain 

L^^L-{G^P, G[[„;3^,]]}' = {G"'' , L^^L'' o G[[<,^^,]]}' + 7r(VL, ^G; a^G) 

Using also definition ( |6.6| ), we infer that 

i^L''{G"^ G[[„0^,]]}' = {G , i?* o aG}' + ^(VL, 9G; a^G) 

It remains to consider L^^L^{G°'^, G^,^,ap}'- Proceeding as above we obtain 

L^L'^IG"^ G^, .^p}' = {G"'3 , L^'L^' o G,,, + n{VL, OG, d^G). 

According to the wave coordinate condition (|5^), 

L^L^da^dpiQG,,,) = H-D,d{QG) 

+ 17^ ([9^] ■ + [d'^G] ■ dG] + h ■ d^{QG) + dG ■ d{QG) 



\Q\ 

for any projection Q = I,P, P\i with Ai > 1. Therefore, in view of definition (pO[), 
{G"'' , L'^L'' o 9„a^G^4' = {G,H-D,doGy (93) 

+ {G, /ioa2G}' + {G, 5GoaG}' + £; (94) 
where the error term E has the form, 

E = [G,P]p(^ [dG] d^G + [d^ G] dG^ 

+ J2 X^t^-^i^'-P] ([dG]d^G + [d^G]dG) 

Ai>l,A2>2,|ln(AiA-i)|<2 

Observe that the infinite sum above is controlled by the presence of the factor 
and therefore E is of the form 

E = Tr{dG,dG; d^G). 
Observe also that the error terms in (|9j) can also be written in the form, 
{G,hod'^Gy = TT{dG,h; d'^G) 
{G,dGo dG}' = TT{dG, dG ; dG) 
Finally, according to lemma the principal term in ( p3[ ) 

{G, H ■ D.doG}' = H ■ {G, D.doG}' + 7r( ViJ, dG, pr^G) 
We summarize these calculations in the following. 
Proposition 6.7. We can write 

Ihi ^ {G , D^d o G}' + H-{G, D^d o G}' + Err, (95) 
where the error term 

Err = 7r(VL, dG; d^G) + 7r(5G, dG; dG) + 7r(5G, dG; d^G) 
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7. The structure of IIIm 



Recall (83), 

Ilh, = -L^L''H'^^H^s(^{rl^iG),rUG)}-{ri,iG),Tif,iG)} 

= £i-£2 (96) 
with { , } denoting the modified paradifFerential product introduced in definition 



5.3 



Remark 7.1. We note here the following simple property of { , }: 

f{v, w} = {fv, w} + tt{v, w; V/) = {v, fw} + n{v, w; V/). 



Recalling remark 5.4 we shall now introduce the following expression closely related 
to fg{v,w}. 

Definition 7.2. Given scalars v, w, f, g we introduce 

{fov,gow}^P ^ fv^'-gP^iw + P ^ fv^'-gw^' 

^<Ai<4 Ai>i,| ln(AiA2"^)|<2 

+ P fP^iv-gw^^+P Y fv^'-gw^^ 

3<A2<4 A2>i,|ln(AiAJ^)|<2 (97) 

i<Ai<l i<A2<l 
i<Ai,A2<l 

Lemma 7.3. We have, 

f{v , w} ^ {f o V , w} + tt{v, w- V/) ^ {v, f ow} + tt{v, w; V/) (98) 



Proof ■ 

We also define, 

{Lov,w} := {L^odf^Vjw} 
{eAov,w} := {e'^o df_,v,w} 
In view of the lemma we have 

L'^idf.v, w} = {Lo V, w} + n{dv, w; VL) (99) 

Definition 7.4. We denote by {D^,ov, w} a scalar quantity which can be estimated 
as follows 

\{D,ov,w}\<\{Lov,w}\ + { Y \{eAov,w}\^y 

A=1.2 
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In the calculation below we shall use the notation F^^ — G^"Y where, 

^ a\aSi ~ 2 (^"<^. /3 ^/3o-, a — Ga/S, ct) • 

The term £i = -F"'5F^5L''L''|r;^(G),r^,(G)|; 



Using remark 7.1 then expressing G"^ = H°'^ — h"^ + 0{h?) and applying the 



definition of tt we derive, 

-£^ := H'^^H,sL^L'^\Tl^{G),Ti^{G)^ (100) 

= H''Ph^sL^L''\g^pVp\^0,G'^T,\, 

= H^''H-,sG'<pg'''L^^l4tp\^P , r,|„„ \ + Err 



r,|„,| +Err 

^"''^'"(i^or^i^^, L'^or,|„4+Err (using (98)) 



with the final expression^ for the error term 

Err = 7r(aG, dG ; dG) + n{dG, dG ; VL) 

Consider now the bilinear term {L^ o F^i^^ , L'' o T^^,^^}. As we start manipulat- 
ing the left hand side we consider {L^ o F^i^^ , w} for a fixed w. As w remains 
unchanged in the calculations below we shall drop the bracket and simply write 
{L'^ o r^i^^ , w} = L'^ o r^i^^. Thus instead of, 

we write, 

= i o G^5 - L^'ds o G/3p^ + o G, 

where we have used that d commutes with o, i.e. {f o dv , w} = {fd o v , w} . 
Recall that, see (^), da = —\LaL + D,. Therefore, 

° r,|^^ = -i(L^L^a3 ° - LsL^'d^ o G^^^ + o G (101) 

According to ( |5^ ) of Lemma ^ and the formula H^^ = — we have 

-L"dz{QG)o.a = H^f'd^QGUp + GD4QG) + hd{QG) + |^[aG]5G 



^Use also remark 5.5, lemma 7.3, and the boundedness of ||G, -ff, 
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with Q any of the projections Q — I, P, Pxi i with Ai > 1, appearing in the definition 
of { , } and o. Therefore, 

-L"93 o Gaa = H^f^d^ o Gap + GD^ oG + hodG+ [dG]dG 



Therefore, from (101), and expanding ds,dp relative to the null frame, 



+ G-D,oG + hodG+ [dG]dG 

- -liLpLsH^'^ds o G^a - LsLpH^'''d3 o G^,) 
o 

+ D,oG + G-D,oG + hodG+ [dG]dG 
= D,oG + G-D,oG + hodG + [dG]dG 

Similarly we have 

= (^L^Lada o Gv~f - L^Ljd^ o Gq^ ) + D* o G 

= i [La,H'"'d^ o G^a - L^H'^'dc, o G 

+ I?, oG + G-L», oG + /ioaG+[aG]9G 
= D^oG + G ■ D,oG + hodG+[dG]dG 



Thus, going back to (100) 



£i=H-hS^{D^oG + G-D^oG),{D^oG + G-D,oG) 

+ TT{dG,dG; dG) + Tr{dG,dG;VL) (102) 



The term £2 = H'^'^ H^sL'^L'' S^ri,{G),rip{G)^ : 



Using remarks 7.1 and 7.3 



£2 = H'^^H^sL^L'^f^H^^T.^^,, H'''T,\afj^+nih,dG;dG) 

= H^'^I^L^L'' o r^i^, , H"^ o r,|„^| + Tr{dG, dG; dG) + 7r(aG, 9G; VL) 



Observe that according to (54), Lemma 

L^'L'^dsiQG)^, = G ■ D,{QG) + hd{QG) + -^^[dG 

for any Q ^ I,P, Px^ with Ai > 1. Therefore, 

L^L^ds oGf,^^G-D^oG + hodG+ [dG]dG 
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Thus 

L^L'^ o r^i^^ — L^L^ o ^Gf_is, V + Gv&. n - G^iy, <5 

= D,oG- L'^L-'ds oG^^ = D,oG + G ■ D,oG (103) 
+ hodG + [dG]dG 

Using (83) we have, 

H^f^da o G„/3 = 2H^"d3 o Gaa + GD, oG + hodG+ [dG]dG. 
Therefore, 

H"^ oT^iag = H°'^ O [ Gaa. B + Gsa.a — GaB,cr 



= 11°"^ O (^Gaa.,13 — Gap. a 

= 2H'"^dp o Gaa ~ 2i?^"93 ° Ga,, + GD, oG + hodG+ [dG]dG 
= GD, oG + hodG+ [dG]dG 
Therefore, smiilar to (102), we derive 



£2 = H\{D,oG + G-D^oG),{D^oG + G-D^oG)\ (104) 
+ nidG.dG] dG)+Ti{dG,dG;VL) 



We now observe that according to the remark 7.1 



{G-D^o G, /} = G{D^ oGJ} + Tr{dG, /; VG) 



Therefore returning to (96), using (102), (jlOj), and the boundcdness of H and G 
we infer the foUowing 

Proposition 7.5. We can write 

II hi = {D^oG, D^oG} + Err, 

where 

Err = TT{dG, dG ; dG) + 7r(9G, dG ; VL) 



Estimates for 144, 1/44, and ///44 



According to the reduction (|64|) and the representation (|84|), 

R44 = /44 + 1/44 + ///44 + Err 

with 

Err 7r(aiJ, dH; dG) + 7r(/i, 5G; dG) + 7r(/i, /i; ^^ij) 
Therefore we need to show that 



/ \\IiA\\L2{D^,^)dT + / 1|//44||l2(D,,„) 
Ju+1 Ju+1 

+ r \\IIh4LHD^.^)dT+ f ||Err|U2(^_)dT< A-1 
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We start with error terms accumulated above and in the lemmas 



3.2 



3.7. 



7.5. 



8.1. Estimates for the error terms. According to the property ( |4q ) of tt, 

TT{dH, dH; dG) < TT{dG, dC; dG). 
We then estimate, with the help of the estimates (0)-(^6|) for G, 

f MdG,dG-dG)\\mD^^)dT < ||9G||i.^^sup|iaG|U2(^_,) 

Ju+l t ^ ^ 

Since the frequencies of h are restricted to the region |^| > 1, h — {I — P)G, we 
also have 

f \\7r{h,dG;dG)\\mD^,^)dT < Whh^L^WdGh^^^ snp\\dGh^D^,^) 



< x-^-'^°\\dh\\l,^^<x-' 



-lOen 



In addition, using the background estimates (17)-(20), 

Ju+l " T 

< ||9/.||2,^^^sup||a2ij|u.(s^)<A-i-«- 



Estimating the error terms generated in proposition |6.2| , and using the estimate 
Isl) for VL 



-l-8£0 



/* MdG,dG;VL)h^D^^)dT < ||aG||i.^^sup||VL|U2(^_^) < A 

Ju+l t X ^ 

To bound the error term 7r(VL, dG; d^G) in proposition 6.7 we use the inequality 
H), |VL| < (e + r-i) and 



||(e + r-i)||i^(^_)dr 



M + l 



< II0|Il?ls° + 

< A"^"^'« + l, 
which follows from the comparison r « t — u, see (p6[). Thus, 



dT 



u+i {t - uf 



u+l 



||7r(VL,9G;9G)|U2(c^„)dr 



< 



it+i 



|VL||io.(^^ dT j ||9G||i.i^ sup iia^Giu.p^ „) 

l-4eo 



< A-5-4^0s^pp2g||^^^^^^ <^ 

T 

Finally, 

/ MdG,dG;d^G)\\L^(^D^^)dT < \\dG\\l,^^snp\\d^G\\mD^^) 

Ju+l ' t ^ r 

< A'i-«^«sup||a2G|U2(so < A-i-8e 



The error terms in proposition 7.5 are the same as considered above. 
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8.2. Estimates for the principal terms. These estimates depend decisively on 
the L'^iCu) estimates for the tangential derivatives of G and H derived in proposi- 
tion 7.7 of |Kl-Ro2 , see also proposition 2.2. For convenience we recall the result 
here. 



\D,dH\\L2(c^) < A 



Also, 



(105) 



(106) 



We start with the principal term hD^^dH appearing in proposition 6.2. 

/ \\hD,dH\\L2i^D^^^)dT < f \\h{T)\\L^\\D,dH\\mD^^^)dT 
Ju+1 Ju+1 



< \\dG\\L2LS^ sup \\D,dH\\L2^c^r, 

u<.u' <u-\-l 

< X-^-'^'^o (using (|io5|)) 



as desired. 



We now estimate the principal terms {G , D*9o G}' and H {G , D+QoG}' appearing 
in proposition 6.7. Since H is bounded it clearly suffices to treat the first term. 
Recall that 

{G, D^doG}' = [G,P]D,d(PG)+ [P.G,P]D,d{P^G) 
We estimate the first term as follows: 



[G,P]D,d{PG)\\mD^^)dT < 



< 



u+l 



\dG\\L^\\D,diPG)\\L2^D^^^)dT 



\D.diPG)\\h^o.^^ 



< WdGh^L^ sup p,a(PG)|U.(c„,) 

u<.u' <ii4-l 



(107) 



< \-^-'^'" (using (105)) 
We estimate the high-high interaction as follows 

/ \\[P,G,P]D,d{P^G)\\mD^.^.)dT < f \\P,G\\L^\\D,d{P^G)h2^o^^^ 

Ju+1 Ju+1 

< - f ||P.VG||L^p,9(P^G)lU2p^_ 

^ J u+1 



< -\\dG\\L2L^ sup \\D,d{P,G)\\L2(c^,) 

V " u<u'<u+l 

< ly-^fj^i-^'^'X-^-^'" (using dlO^)) 
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Therefore, 



Ju+l 



Combining (107) and (108) we conclude that 



+ ^ !^>l,Ai>2,| ln(zy^-i)|<2 



< A- 



-l-4en 



It remains to estimate the principal term o G , £>, o G} in Proposition 7.5, We 
recall from definition 7.2 that 

{i:>* o G , o G} = P D,{P^G) ■ D^iP^iG) 

+ P D,{PM) -D^iP^G) 

+ P ^ i?*(P<^G) •i?.(P^G) 

+ P J2 D,{P,G) -D^P^G) 

M2>5,| ln(iy^-i)|<2 

- ^ i?*(P.G) •i?,(P<iG) 

i<i.<i 

- ^ ^*(P<iG) -i^^P^G) 

3<M<1 

- 5] i?.(P.G) -i^^P^G) 

By symmetry and similarity it suffices to estimate the first 2 terms in the expression 
above. We have 

r p.(P,G).Z?,(P<.G)|U.p_)dr < r p,(P,G)|U.p_)|lI?*(P<iG)|U^^dr 

< \\dG\\L2^^ sup p,(P,G)|U2(c„,) 

u<u' <'U+1 

< j,-|-4eo^-l-8£o (^^y (|lO^).) 

Thus 

f IIP ^ i?.(P.G).I?.(P<iG)|U.(^_)dT < f \\D.{PuG)-D,{P^.^G)\\l2^d^ 

< ;^-l-8eo 

Consider now the high-high interaction term 

J = P ^ D,{P,G)-D,{P^,G) 

i^>i,lln(i/^-i)|<2 
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Clearly, 



/ \\D,{PM)-D,{P^G)\\L2(o^^^)dT < ( \\D,{PM)\\L-iD^,J\D.{P^G)\\L^dT 
Ju+l Ju+1 

^ \\dG\\LjL^ SUI 
u<u'< 

< X-'^-^^°i/-i-^''° 



< \\dG\\L2L^ sup \\D4PM)\\mc^,) 

u<u' <u-\-l 



Thus, 

^>i,|ln(^A»-i)|<2"^"+l 
< ;^-l-8eo jy-i-4eo < ;^-l-8eo 

i/>i,|ln(i//i-i)|<2 
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